EQUATIONS FOR TRACER EXPERIMENTS

~ By A. K. SOLOMON
(From the Biophysical Laboratory, Harvard Medical School, Boston)

The use of isotopes makes possible quantita-
tive measurements of many biochemical and
physiological processes, hitherto secure from such
detailed observation. Perhaps the most fre-
quent use of this tool is in the observations of
physiology that are concerned with the transfer
of fluid from one portion of the body to another,
and in the biochemical observations of the forma-
tion of one compound from another. It is the
purpose of this paper to present in detail some
of the mathematical equations that govern such
flow and synthesis, and to show incidentally that
many of these equations are common to the
fields of physics, and chemistry, as well as to the
biological disciplines to which they will be ap-
plied here. A series of case studies will be pre-
sented, including, as examples, the formation of
cholesterol from deuterium-marked body water,
the uptake of phosphorus by the red blood cell
and the flow of sodium out of the plasma into
cerebrospinal fluid.

Mathematical analysis of this kind is certainly
not novel; indeed, Burton (1) reports that Har-
court and Esson (2) concerned themselves with
similar studies in 1866 when chemical kinetics
was just beginning. In another connection,
Rutherford, Chadwick and Ellis (3) have ex-
pressed some equations governing the familial
relationship between radioactive parent elements
and their daughters; they report that Bateman
(4) as early as 1910 developed a theory which
covers the general case of radioactive decay and
recovery. The mathematics apply so generally
that any survey of the literature must neces-
sarily be incomplete.

1. Basic assumptions

The basic assumption that underlies all the
equations to be developed is that the tracer
element follows its unlabeled isotope faithfully
in all biological reactions. Qualitatively there
is good agreement on this point; quantitatively,
evidence is gradually accruing that the rates of
reaction are influenced by the isotopic composi-
tion of the reacting molecules. However, no

allowance has been made for this in the cases to
be discussed. Implicit in this primary assump-
tion is the condition that the injection of the
tracer element shall not disturb, in any important
fashion, the normal metabolic behavior of the
system. As a consequence of this initial assump-
tion, the equations to be derived apply to un-
labeled systems also; the tracer provides the
method of measurement.

The second basic assumption is that in sys-
tems of constant volume the rate of flow of
isotope out of a compartment is proportional to
the amount of labeled isotope present in the
compartment. This reduces to the assump-
tion that rate is proportional to concentration,
given constant volume. The difference is purely
formal and can be taken up by suitable adjust-
ments of the constants involved. Thus, the
investigator has his choice of expressing the
activity as, say, counts per milliliter, or counts
per milliliter times the volume of the compart-
ment in milliliters. The equations that follow
have been based on amount. In systems in
which the volume is not constant, other assump-
tions are made.

A third basic assumption is that of uniform dis-
tribution throughout the compartments. There
are many physiological conditions in which this
assumption is invalid, as when the time of mixing
is long compared to the reaction rate, or when the
viscosity of the fluid in the compartment is high.
In many cases, the experimental conditions can
be adjusted in order to make these factors un-
important; if not, suitable corrections must be
applied.

2. Symbols
P = total amount of labeled material in com-
partment A.
P, = P at time O.
t = time.

kap = coefficient of transfer from compartment
A to compartment B.

concentration of labeled material in
compartment A.

p
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vy = volume of compartment A.

Q = total amount of labeled material in com-
partment B.

kye = coefficient of transfer from compartment
B to compartment A.

q = concentration of labeled material in
compartment B.

vq = volume of compartment B.

ke, = coefficient of transfer from compart-
ment A to outside.

etc.

3. Case 1—Simple decay

The decay of a radioactive isotope can be
described by an equation which states that the
rate of loss of isotope depends upon the amount
of isotope remaining. This is perhaps the most
common example of simple decay. In chem-
istry, monomolecular reactions are governed by
a similar equation, since the raté of reaction is
dependent on the amount of reactant remaining
(though not necessarily independent of concen-
tration). Margenau and Murphy (5) point out
that the rate of growth of bacterial cultures in
an unlimited nutrient medium is dependent on
the number of bacteria present; thus the equa-
tion is similar to that for radioactive decay,
though the sign, of course, is different.

dP

1-1 T=" kaoP
1-2 P = Pge kot
1-3 InP = InP, — kyot
14 ty = 0.693/kao

Figure 1 shows the decay of radioactive phos-
phorus (P®). The amount of this material re-
maining, P (expressed as relative counts/minute
in a unit mass of sample) is plotted on a loga-
rithmic scale against t. The slope of this straight
line gives kao, from which the half-life, t;, may be
derived by equation 1-4. In this case, t; meas-
ures the time required for half the material to
disintegrate.

4. Case 2—Uptake from a constant source

This case arises most frequently in stable
isotope ‘experiments in which the body fluids are
brought to a constant deuterium level, and the
uptake of deuterium in various compounds is
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examined. The basic assumption is that the
isotopic content of the circulating fluids remains
constant. This includes the implicit assumption
that the return of material to the circulating
fluids from the compartment examined is un-
important.

This example of Case 2 is shown diagram-
matically in Figure 2. Here compartment A
represents the body fluids, and P represents the
total amount of deuterium in the fluids. The
concentration, p, is given by the atom per cent
deuterium in the body fluids. Compartment B
represents the cholesterol; Q is the total amount
of deuterium in the cholesterol, and q is the con-
centration of deuterium given by atom per cent
deuterium in the cholesterol (usually referred to
atom per cent D in the body fluid as 1009;).

Another common example of this case is the
formation of radioactive isotopes in nuclear re-
actors. The basic assumption in this case may
be restated: the flux of neutrons must remain
constant, and be unaffected by the products
formed in the material being irradiated.

21 ‘:lif = kaP — ko, P =P, = const.
22 Q= t—‘: Po(1 — ekbot)
23 Q= f2P, t=w

24 In(1 — Q/Qu) = — ket
2-5 ty = 0.693/kno

These equations differ materially from those
of simple decay. For one thing the half-life is
dependent upon the rate of decay of the material
in compartment B, not on the rate of its syn-
thesis, unless an equilibrium obtains, in which
case the two rates are equal. The dependence
of half-life upon decay may be illustrated by
considering the formation of isotopes in reactors.
For a given rate of decay, that is, a given half-life,
the amount of material formed depends directly
on the intensity of the neutron flux. The time
it takes to achieve the maximum formation of
radioactive material is dependent on the half-life
and independent of the neutron flux. That is,
more radioactive material can be formed by an
increase in neutron flux, but the time it takes to
reach the new maximum value is independent of
this increase in neutron flux.
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Relative counts/min. in a unit mass of sample is plotted on a logarithmic scale against time.

In order to determine whether the equation
2-1 holds for conditions in which the volume is
not constant, the equation 2-1 has been fitted
to experimental results on the uptake of deu-
terium by maternal and fetal cholesterol reported
by Goldwater and Stetten (6). Pregnant rats
put on a heavy water regimen in the 18th day
of term were sacrificed at quarter-day intervals
from the 18th to the 19th day, and at half-day
intervals from the 19th to the 20th day. One
control was kept on the heavy water regimen for
the total 20-day term in order to determine the
maximum uptake of deuterium in the fetal cho-

lesterol, and the maternal cholesterol, both liver
and carcass. In the two-day period between
the 18th and the 20th day, the weight per fetus
varied between 2 and 5.2 grams. The tissue
content of cholesterol in all three cases showed
a slight increase. Thus, the amount of choles-
terol, the volume as it were, of compartment B
is certainly not constant.

The weight increase in the maternal rat will
show whether constant isotope concentration in
the body fluids is equivalent to a constant
amount of deuterium in the fluids. If one
ascribes the weight increase to increase in fetal
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The function (1 — q/q.) is plotted on a log scale against time.

cient kpo.

The slope of the curve determines the transfer coeffi-
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weight alone, Goldwater and Stetten’s figures
show that the average increase in maternal rat
weight in the two-day period is about 119,
This is small compared to the other changes in
the system; hence, we will assume that both
concentration and amount of deuterium in the
body fluids remain constant.

If the assumptions in equation 2-1 are correct,
the function derived in equation 2—4 should fall
on a straight line when plotted against time.
Since it does not, a different assumption must
be made. We may test the assumption that
the rate of change of the amount of labeled cho-
lesterol is proportional to the concentration of
deuterium in the body fluids, and the concentra-
tion of deuterium in the cholesterol. Stated
analytically, this becomes:

d
2-6 F%=k.bp—kboq

If one assumes that the change in cholesterol
content in the fetus varies linearly with time, an
assumption supported by the data, this equation
can be solved. In this case, too, the equation is
seen to fail in describing the data. However,
when one assumes that the rate of change of
concentration of cholesterol is proportional to the
concentration of deuterium in the body fluids and
the concentration of deuterium in the cholesterol
the equation fits the data. In this case the
equation becomes

dq _ _
2-7 & kap — kboq
and 2-4 reduces to
2-8 In(1 — q/qe) = — kot

The calculations are given in Table I, and the
function is plotted in Figure 2. It will be seen
that all three cases fit the equation nicely, even
though the volume in compartment B is greatly
changed during the course of the experiment.
Many chemical systems can be postulated that
can be described analytically by equation 2-7.

5. Case 3—Closed two-compartment system

The equilibration of red blood cells with K-
marked plasma is used as an example of this
case. The basic assumption is that the total
amount of labeled material in the system remains
constant. In Figure 3 this case is shown dia-
grammatically. Compartment A represents the
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plasma containing an amount P of K%, and com-
partment B represents the erythrocytes contain-
ing an amount Q of K%,

Since Cohn and Cohn (7) investigated the
permeability of the red corpuscles of the dog to
sodium ions, many experiments have been carried
out on cellular permeability. - Sheppard (8) has
recently reviewed these experiments and reported
some additional results of his own. The equa-
tions he derives, specific examples from a pre-
viously published general treatment (9), corre-
spond with those to be derived below.

3-1 P + Q = P, = const.
P
3-2 O o — kP + knQ
d

3-3 a—% = kP — knQ
34 = k.bk-: o Pelll = ~(ab+kbalt]
3-5 Qequil = k Pequit

— kabPo
36 Q= kat + Kba
3~7 In(1 - Q/Qx) = — (kab + k)t
3-8 tie = 0.693/(kav + kba)
3-9 P= i I:‘f;{h [ 14 kk'_b: g‘(hb"'hn)‘]

8|

_ knaPs
10 Po = kap + kpa
311 In(P/Pa— 1) = — (kep + kea)t — In 22

ks

The example chosen to illustrate this case has
been taken from some unpublished work of
Raker, Taylor and Weller (10) on the uptake
of K2 by human erythrocytes in a dilute solution
of K2-marked plasma. Figure 3 shows the func-
tion (P/P, — 1) plotted on a logarithmic scale
against time. The constants describing the
system may be determined as shown in equation
3-11 from the slope and intercept of this line.
The calculations have taken account of a slight
swelling of the cells towards the end of the
experiment, as shown by a 109, increase in the
hematocrit. This change in volume of compart-
ment B is so small, however, that it does not
affect the fit of the equation. The function
(P/P, — 1) in equation 3-11 is plotted on a
logarithmic scale against time in Figure 3. A
curve drawn on the assumption that the flow of
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TABLE 1

Uptake of deuterium z{egmmt rats whose body fluids were enviched with D30
Calculations from data presented by Goldwater and Stetten to obtain the function (1 — q/qa).

Fetal cholesterol Liver cholesterol ‘ Carcass cholesterol
Days on D:0
D a/qe =D/Dx* | 1—0/qe D Q/qee =D/D» | 1-0a/qe D a/qee =D/Dw» | 1—q/aew
bady water by waler body water
18-18% 5.0 0.090 0.910 4.8 0.105 0.895
18—18% 8.2 0.148 0.852 10.5 0.229 0.771 2.5 0.072 0.928
18-18 11.3 0.204 0.796 11.3 0.246 0.754
18-19 154 0.279 0.721 13.5 0.294 0.706 4.7 0.135 0.865
18-19% 20.4 0.368 0.632 17.7 0.386 0.614 3.9 0.112 0.888
18-20 24.2 0.438 0.562 19.8 0.432 0.568 6.7 0.193 0.807
1-20 55.4 - — 45.8 — — 34.8 — —

* Dao represents the D of the various fractions for the rat which was fed D,O for the total 20-day period.

K* is determined by its concentration in plasma The symmetry of this system is very interest-
and cells fits the data equally well, and is prob- ing. The observations of the time course can
ably preferable on theoretical grounds. be made on either plasma or cells, provided that
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The function P/P, — 1 is plotted on a logarithmic scale against time. From the slope and intercept of this curve
the transfer coefficients kya and k. may be determined.
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the equilibrium amounts in both compartments
be determined. ' Indeed, it is theoretically pos-
sible, though not experimentally desirable, to
characterize this system exactly by only three
measurements: the amount of isotope in either
component at any time t, prior to equilibrium,
and the equilibrium amounts.

6. Case 4—Diffusion or flow out of a compartment

An example of flow out of a compartment is
the escape of sodium from the blood stream
following a single intravenous injection. Mer-
rell, Gellhorn and Flexner (11) have derived
equations which describe this process in the
guinea pig. In the case of the guinea pig, the
process can be described by a simple exponential
similar to, but not identical with, that given in
Case 3, in which compartment A is the plasma
and P is the amount of tracer sodium in the
plasma. Merrell et al. assume that the process
of sodium movement is one of diffusion, that is,
that the coefficient of transfer into the plasma
equals the coefficient of transfer out when the
equation is expressed in terms of concentration
of sodium in the various compartments. Appa-
rently, it is assumed implicitly that there is no
sodium excretion during the course of the experi-
ments.

In the dog (Gellhorn, Merrell, and Rankin
[12]) and in man (Flexner, Cowie, and Vos-
burgh [13] and Burch, Reaser, and Cronvich
[14]), the process is described by at least two
separate rates. A two-rate system (neglecting
return from extra-cellular fluid to plasma) im-
plies the presence of a split compartment in the
extra-cellular fluid, rather than a compartment
with two leaks of different size. Two leaks of
different size are equal to one leak of larger size,
and can be described by a single transfer coeffi-
cient. However, as Gellhorn et al. point out
(12), the situation is far different when the return
of Na* to the plasma is taken into account.
Assume that the Na* escapes from the plasma
into two separate external compartments as
shown diagrammatically in Figure 4, entering
one quickly and the other slowly. The return
from these two compartments to the plasma
must be characterized by two different rates,
since the amount of tracer in compartment B is
different from the amount in compartment C.
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Thus, the flow of Na* from the plasma will be
described by an equation containing at least
two exponentials. It is not assumed that the
compartments B and C exist as such in the
body, but rather that one, say B, represents the
average of a number of areas to which the sodium
is transferred quickly, and the other, C, the
average of a number of areas to which the
sodium is transferred more slowly.

In the treatment that follows, three basic
assumptions will be made: first, that the volume
of the compartments remains constant; and
second, that there is no excretion of Na* during
the period of observation. For simplification,
we will also assume that the coefficient of trans-
fer across the membrane separating the compart-
ments is the same in both directions. That is,

41 kab = kia = kl; Kae = ke = ke

The equations that follow are similar to those derived by
Gellhorn et al., and the reader is referred to Appendix 1
of reference 12 for the derivation.

42 ‘g = — kP + kQ — kP + kR
43 8P - k0
44 %— kP — kR
45 P+Q+R =P,
46 T = = 20 + k) 5 — 3P + kP
4-7 P = aje7®it 4 axe~bt 4 4P,
where
a = 1P, + spoﬁv%_’w
ay = 3P, — 3P, —— K1t ko)

Via* — kiks + kz?
= (ki + k) + Vki® — kik: + ks?
b: = (ki + ki) — Vki* — kikz + ko?
4-8 Atequilibrium,
P=Q=R=1}P,

In the course of studies now in progress to
determine the uptake of Na* by cerebrospinal
fluid, Sweet, Solomon, and Selverstone (15) have
examined the diffusion of this isotope from
human plasma. The results have been plotted
in Figure 4, and analyzed on the basis of the
equation 4-7. For the purpose of this example,
a smooth curve drawn through the experimental
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Counts/min. in 0.1 ml in the plasma is plotted on a logarithmic scale against time. The transfer coefficients may be
determined from the slopes and intercepts of the first and second rates, and the value of the constant term.

points has been used; the full data will be pub-
lished elsewhere. In Figure 4, the radioactivity
has been expressed as counts per minute in
0.1 ml, plotted on a logarithmic scale against
time; since constant volume is assumed, this
expression is a valid index of the total amount of
radioactivity, P. In order to analyze a curve

plotted in this way into its components, the

.constant term is first subtracted graphically from
the curve. The difference between these two
curves, shown in Figure 4 as the crosses, is then
plotted, and the straight line is drawn which
best fits these points. That straight line gives

the second rate and has the slope —b,. It, in
turn, is subtracted from the points represented
by the crosses that do not fall on the line at
the beginning of the period of measurement.
Thus, the first rate, given by the circles on Figure
4, is obtained. The method of analyzing experi-
mental curves by a sum of exponentials with con-
stant coefficients is so powerful, and the number
of adjustable constants so large, that great care
must be taken in interpreting such curves physi-
ologically.

Accepting this curve as a formal description
of the behavior of the labeled material in the
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plasma, one would expect that a knowledge of
the total amount of injected material, and the
intercept of the curve of concentration of Na*
at zero time, would lead to a good value of the
total plasma volume. In the dog, Gellhorn et al.
(12) were unable to obtain reliable results by the
use of this method, a conclusion supported by the
preliminary experiments in man of Sweet, Solo-
mon, and Selverstone (15). This may be due to
incomplete knowledge about the early part of the
curve.

7. Case 5—Uptake of radioactive material in a
three-compartment system

An example of this case is found in the uptake
of Na by ventricular cerebrospinal fluid ,!follow-
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ing intravenous injection. In order to determine
the coefficient of transfer into the cerebrospinal
fluid, it is not necessary to accept any hypothesis
as to the physiological basis for the time curve
of isotope in the plasma; it suffices to express
the curve analytically. The equations that fol-
low have been developed on the basis of the
plasma equation given in Case 4, as equation
4-7. As can be seen from the diagram in Figure
5, the conditions are not exactly identical with
those assumed for Case 4. Then we assumed
that the coefficient of transfer from compartment
A to compartment B was equal to that of transfer
in the reverse direction. As has been shown, an
equation can be derived on those assumptions,
which describes the time course of the tracer
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Counts/min. in 0.1 ml in the cerebrospinal fluid is plotted on a logarithmic scale against time.

The transfer coefficient

kapb and. the sum of coefficients (kbs + kbo) can be determined from the slopes and intercepts of the second and third rate

and the value of the constant term.
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content of the plasma. In the case of cerebro-
spinal fluid, we will assume that the volume of
the compartments and their Na concentration is
constant.

We will represent the plasma as before by
compartment A, and the ventricle as compart-
ment B. The coefficient of transfer ky, will
represent the flow of Na* out of the ventricle
toward the cistern. Since some of the Na will
find its way back to the plasma by this route,
kno and kps could, if desired, be represented
together as a single constant. The equations
to be derived in this case do not permit their
individual determination.

4-7 P = aje™™t 4 gee bt 4 3P,

51 ‘(’1—? = KatP — kbaQ — kboQ = keoP — (ke + keo)Q

kaba1 kabaz
)% = —by —b:
Rl vy oy ey v Sl ey oy e
_ Kab
+ (kba + kpo)e™(kbatkbolt 4 3o + Eo) P,

5-3 At equilibrium

p = (ko + kbo)Q
kab

Figure 5 presents a smoothed curve drawn
from the experimental results of Sweet, Solo-
mon, and Selverstone (15). The same method
has been applied in plotting and analyzing this
curve as has been used with Figure 4. The
values of the transfer coefficients can be obtained
from the slopes and intercepts of the various
segments of the curve, since a;, az, by, b, are all
known, at least empirically, from the curve pre-
sented in Figure 4. It will be noted that the
analysis in Figure 5 does not include the first
rate of Figure 4 with its half-life of three minutes.
A further test of the validity of equation 5-2 is
available by comparing the slopes of the second
term of equation 4-7 (t; = 19 mins.) with the
same term (t; = 9 mins.) in 5-2. It is seen that
the agreement is not good. It would perhaps be
surprising to obtain good agreement under these
conditions, since no account has been taken of
the viscosity of the cerebrospinal fluid, nor has
any allowance been made for mixing time. In
so complex a system, it must be emphasized
that the equations give only a formal descrip-
tion. Many experiments must be carried out in

* For details of the solutions of such differential equa-
tions, see the relevant chapter in reference (5).
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order to determine whether such a mathematical
description fits the physiological facts.

8. Ultra-filtration vs. secretion

Kinsey and Grant (16) in their studies on the
uptake of tracers by thegaqueous humor have
pointed out that the equilibrium values for the
components in tracer systems are not in them-
selves sufficient to decide what mechanism is
operating. Consider Case 2 and equation 2-7,
as an example of secretion

d
2-7 d_(tl = kabp — kboq

Here p and q are the concentrations in compartments A
and B, and return from compartment B to compartment
A is excluded.

If it is assumed, as in ultra-filtration, that the barrier
between compartments A and B is a simple membrane, and
that the coefficient for transfer across that membrane (with
respect to concentration) is the same in both directions,
equation 2-7 becomes

d
6-1 a% = kaop — kabQ — kbeq

The solution for 2-7 (secretion) is

kb kgt
6-2 q= K. Po(l — e7kbot)
and for 6-1 (ultra-filtration)

= Kb
4= ks + Ko

Since kab + kbo can be represented by another constant,
say kub, it is not, in general, possible to decide between
these two hypotheses without additional independent
measurements of one of the constants. If, however, the
constant in the denominator of equation 6-3 is less than
kab, it is apparent that the mechanism is not one of ultra-
filtration.

6-3 Po(1 — e~(kabtibolt)

Another example of this problem is afforded
by the uptake of Na* by cerebrospinal fluid.
As has been pointed out, the sum of the constants
kvs + kuo in equation 5-2 can easily be deter-
mined, but the individual values cannot be ob-
tained independently without further measure-
ment.

9. Precursors

Zilversmit, Entenman, and Fishler (17) have
put forward a criterion that states that one com-
pound, A, is the precursor of a second, B, if,
when the specific activity of B has reached its
maximum, it equals the specific activity of A.
Let us examine this criterion on the basis of our
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Case 2 which is similar to that described by
Zilversmit et al.

Let the specific activity in A be denoted by P, = P/P*
where P* is the total amount of unlabeled isotope in com-
partment A, and similarly, let Q, = Q/Q*.

From 2-1
do _ -
for Q = maximum
dQ *
10-1 at = 0 = kapPaP* — kpoQsQ
10-2 kabPsP* = kboQuQ*

Since P, = Q, to satisfy the criterion
10-3 karP* = knoQ*

Equation 10-3 states that the amount of un-
labeled isotope in compartment B is in equi-
librium, in agreement with the assumptions
initially made by Zilversmit et al.

Another criterion may be found by considera-
tion of a chain of reactions. Let J - K—L,
in a series of unimolecular reactions which can
be described by the basic assumptions in section
1. The rate of growth of K from J will be given
by an equation with a single exponential term,
as shown in Cases 2 and 3. The rate of growth
of L from J, however, will be governed by an
equation which requires two exponential terms
to describe it, and each succeeding member in
the chain, M, N, and O, will require an additional
exponential term in the equation (Burton [1]).
Thus, we can say, if J is the precursor of K, a
single exponential will suffice to describe the
growth of K from J. If our basic assumptions
describe the reaction correctly, the addition of a
second exponential in the expression for growth
must mean a two-step process.

10. Discussion of mathematical methods

As has already been mentioned, the use of
differential equations to describe steady states
of this kind is not new. Indeed, Burton (1)
derived his description of the steady state in
1936 with no reference to isotopes. The most
general treatment of this kind is that given by
Sheppard (9). Tobias (18) has derived a sys-
tem of equations describing the movement of
isotopes under conditions of constant volume.
Burch, Threefoot, and Cronvich (19) have ex-
amined the effect of changes both of compart-

A. K. SOLOMON

ment volume and amount of unlabeled isotope
on the constants involved in such equations.

It is also possible to describe the behavior of
tracer systems by the use of integral equations.
Shemin and Rittenberg (20) have made use of
an integral equation in order to determine the
life span of the human red blood cell using
glycine-labeled hemin, a case very different from
those considered here, since the decrease of
labeled activity is a function of the age of the
red blood cell in which it is contained. Branson
(21) has also used integral equations in order to
describe isotope systems.

SUMMARY

Equations have been developed and discussed
covering five common cases of the use of isotopes
in biological and physiological systems.
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